Abstract. In this paper, we consider the Cauchy problem to the tropical climate model derived by , which is a coupled system of the barotropic and the first baroclinic modes of the velocity and the typical midtropospheric temperature. The system considered in this paper has viscosities in the momentum equations, but no diffusivity in the temperature equation. We establish here the global well-posedness of strong solutions to this model. In proving the global existence of strong solutions, to overcome the difficulty caused by the absence of the diffusivity in the temperature equation, we introduce a new velocity w (called the pseudo baroclinic velocity), which has more regularities than the original baroclinic mode of the velocity. An auxiliary function φ, which looks like the effective viscous flux for the compressible Navier-Stokes equations, is also introduced to obtain the L ∞ bound of the temperature. Regarding the uniqueness, we use the idea of performing suitable energy estimates at level one order lower than the natural basic energy estimates for the system.
Introduction
The primary mode of the flow in the tropics is in the first baroclinic mode, that is the winds in the lower troposphere are of equal magnitude but with opposite sign to those in the upper troposphere. In many studies of the tropical atmospheric dynamics dating back to Gill [16] and Matsuno [27] , the first baroclinic mode models were used. In these models, a typical midtropospheric temperature and the first baroclinic mode velocity are involved. However, as indicated in Majda-Biello [26] , for the study of the tropical-extratropical interactions, where the transport of momentum between the barotropic and the baroclinic mode is an important effect, it is necessary to retain both the barotropic and baroclinic modes of the velocity. Taking the tropical-extratropical interactions factor into consideration, Frierson-Majda-Pauluis [15] introduced a Tropical Climate Model, which keeps both the barotropic and the first baroclinic modes of the unknowns. The system in [15] was derived from the inviscid primitive equations by performing a Galerkin truncation up to the first baroclinic mode.
In this paper, we consider the following Tropical Climate Model introduced by Frierson-Majda-Pauluis in [15] : in R 2 , where the unknowns are the vector fields u = (u 1 , u 2 ), v = (v 1 , v 2 ) and the scalar functions θ and p. Here, u and v are the barotropic mode and the first baroclinic mode of the velocity, respectively, while θ and p denote the temperature and the pressure, respectively.
It should be pointed out that the original system derived in [15] has no viscous terms in (1.1) and (1.3), in other words, the Laplacian terms are not involved in the system in [15] ; this is because it is derived from the inviscid primitive equations there. In this paper, we consider the viscous counterpart of the system in [15] , i.e. system (1.1)-(1.4), which can be derived by the same argument from the viscous primitive equations (but without any diffusivity in the temperature equation). Recalling that system (1.1)-(1.4) is derived from the primitive equations, it is worth mentioning some mathematical results concerning the primitive equations, see, e.g., [3-10, 17-19, 23-25, 28] and the references therein. On the one hand, based on the results in [4-10, 17-19, 23-25] , we know that, for the primitive equations with both full viscosities and full diffusivity, they have global weak solutions (but the uniqueness is still unknown), see [23] [24] [25] , and have a unique global strong solution, see [9, [17] [18] [19] . However, on the other hand, for the inviscid primitive equations, the results in [3, 28] show that they may develop finite-time singularity in both 2D and 3D. Comparing the global well-posedness results in [9, [17] [18] [19] , for the primitive equations with both full viscosities and full diffusivity, and the finite-time blowup results in [3, 28] , for the inviscid primitive equations, it is a natural question to ask if the partial viscosities and partial diffusivity can guarantee the global well-posedness for the primitive equations. As indicated in [6] [7] [8] , the merely horizontal viscosity can guarantee the global well-posedness of strong solutions to the primitive equations, as long as one still has the horizontal or vertical diffusivity, in other words, the horizontal viscosity is more crucial than the vertical one for the primitive equations. However, to our best knowledge, it is still unknown if the global well-posedness of strong solutions continues to hold for the primitive equations with full or only horizontal viscosities but without any diffusivity, and actually, this is also one of the motivations that thrust us to consider system (1.1)-(1.4).
The aim of this paper is to prove the global well-posedness of strong solutions to system (1.1)-(1.4). We consider the Cauchy problem, and thus compliment it with the following initial condition
(1.5)
Throughout this paper, for r ∈ [1, ∞] and positive integer m, we use L r (R 2 ) and H m (R 2 ) to denote the standard Lebessgue and Sobolev spaces on R 2 , respectively. For convenience, we always use f r to denote the L r (R 2 ) norm of f . The main result of this paper is the following:
. Then, there is a unique global strong solution (u, v, θ) to system (1.1)-(1.4), subject to the initial condition (1.5), such that
for any positive time T .
, the same argument as in this paper still shows the global existence of strong solutions, which enjoy all the regularities in Theorem 1.
is only used to guarantee the uniqueness of the strong solutions. We believe that such condition can be dropped if we work in the Lagrange coordinate in the proof of the uniqueness part of Theorem 1.1; however, to make the idea clear, we assume this condition throughout this paper.
The key issue to prove the global existence part of Theorem 1.1 is establishing the a priori L ∞ (0, T ; H 1 (R 2 )) estimate on (u, v, θ), for any positive time T . One can not use the standard energy approach to system (1.1)-(1.4) to obtain the desired a priori estimate, because of the absence of the smoothing effect for the temperature equation. Actually, if doing so, in view of the presence of ∇θ in (1.3), one has to establish the a priori L 2 (0, T ; H 1 (R 2 )) estimate on θ; however, since θ satisfies a transport type equation, we have to appeal to the a priori L 1 (0, T ; Lip(R 2 )) estimate on u, in other words, roughly speaking, one will end up with the following kind energy inequality:
+ other terms, which does not provide the desired estimate. To overcome this difficulty, we introduce a new unknown w (we call it pseudo baroclinic velocity) as
which has more regularities than the original baroclinic velocity v. Actually, w satisfies the following equation
with F = [R ⊗ R, u](θ) being a commutator (see (3.8) , below) and R the Riesz transform. Thanks to the commutator estimates due to Coifman-Rochberg-Weiss [11] , we have F ∈ L 2 (R 2 × (0, T )), and as a result, one can obtain the
) estimate on θ, see Proposition 3.3, below. With the a priori estimates mentioned above in hand, combining the standard H 1 energy inequality for θ and a t-weighted H 2 energy inequality for (u, w), and applying a logarithmic type Gronwall inequality (see Lemma 2.2, below), we can successfully achieve the L ∞ (0, T ; H 1 (R 2 )) estimate on θ, see Proposition 3.4, below. With the help of the previous a priori estimates, one can successfully control the
) norm of (∇u, φ), where φ := div v − θ (which looks like the effective viscous flux for the compressible Navier-Stokes equations), based on which, one can further control the L ∞ (R 2 × (0, T )) bound of θ. With the aid of these a priori estimates, it is then standard to obtain the global strong solutions.
Regarding the uniqueness of the strong solutions, a usual way is to consider the difference equations between two solutions and then obtain some energy estimates for the resulting system of the difference at the level of the basic natural energy of the system. However, for system (1.1)-(1.4), caused by the absence of the diffusivity term in the temperature equation, it does not seem to be suitable to perform the energy estimates at the level of the basic natural energy of the system to prove the uniqueness. Motivated by the works Larios-Lunasin-Titi [20] and Li-Titi-Xin [22] , we perform the energy estimates at the level one order lower than the basic natural energy for the system, and successfully prove the uniqueness of the strong solutions established in Theorem 1.1.
The rest of this paper is arranged as follows: in the next section, section 2, we state some preliminary results which will be used in the following sections; in section 3, we prove the global existence of strong solutions, while the uniqueness is proved in the last section, section 4.
Preliminaries
The following lemma is about the commutator estimates, where the first inequality was proved in Coifman-Rochberg-Weiss [11] (see Theorem I there), and the second one can be found in Feireisl-Novotný [14] (see (10.107) there), which is in the spirit of Coifman-Meyer [12] . Lemma 2.1 (Commutator estimates). Let R = (R 1 , R 2 , · · · , R N ) be the Riesz transform on R N , and define the commutator
Then, the following commutator estimates hold
and
for any p, q, r ∈ (1, ∞), such that
where
φ(x)dx, and the supremum is taken over all balls in R N .
The next lemma is a logarithmic type Gronwall inequality, which will be employed to establish the a priori H 1 estimate of the temperature, see Proposition 3.4, below. Notably, similar type Gronwall inequality can be found in Cao-Li-Titi [6, 7] and Li-Titi [21] .
Lemma 2.2 (Logarithmic Gronwall inequality). Given a positive time T and a positive constant K. Let α(t) and β(t) be two nonnegative functions such that α, β ∈ L 1 ((0, T )). Let A(t) and B(t) be integrable functions on (0, T ), with A(t) ≥ 1 and B(t) > 0, such that A is absolutely continuous on (0, T ) and continuous on [0, T ). Suppose that, for any t ∈ (0, T ), we have
for all t ∈ [0, T ), where
Proof. Dividing both sides of inequality (2.1) by A(t), and recalling that A ≥ 1, we have
One can easily verify that log τ ≤ 2 √ τ , for any τ > 0, and thus it follows from the previous inequality and Young inequality that
which implies
By the Gronwall inequality, the above inequality implies
from which, we obtain
Thanks to these estimates, and noticing that Q(t) is increasing in t, we deduce
proving the conclusion.
Global existence
In this section, we establish the global existence of strong solutions to the Cauchy problem of system (1.1)-(1.4). To this end, we introduce a regularized system by adding a diffusivity term to the temperature equation. The regularized system can be globally solved by standard approach. To obtain the global strong solution to the original system, the key issue is to establish some sufficiently high order a priori estimates on the solutions to the regularized system that are independent of the regularization parameter.
The regularized system we use in this section is as follows
where ε is a positive constant. For the regularized system (3.1)-(3.4) we have the following global well-posedness result:
Since the basic energy estimate for the strong solutions to system (3.1)-(3.4) will be used in the proof of the global existence part of Proposition 3.1, let us first state the basic energy estimate in the following:
. Then, we have the following, uniform in time, energy estimate
for all t ∈ [0, T ).
Proof. Thanks to the regularity of strong solutions, we can take the L 2 (R 2 ) inner product to equations (3.1), (3.3) and (3.4) with u, v and θ, respectively, summing the resultants up and integration by parts, we have 1 2
, from which the conclusion of the proposition follows by integrating with respect to t. Now, let's give the proof of Proposition 3.1.
Proof of Proposition 3.1. Local existence and uniqueness of strong solutions to system (3.1)-(3.4), with initial data (u 0 , v 0 , θ 0 ), can be proven in the standard way: given a positive time T , for any (u 
, to the following linear system
. By standard energy estimates, one can show that the solution map to the above linear system,
H 2 ) into itself, for sufficiently small positive time T , depending only on (u 0 , v 0 , θ 0 ), and thus, by the contraction map principle, there is a unique fixed point (u, v, θ) to the solution map ℜ, which is the unique local strong solution to system (3.1)-(3.4), with initial data (u 0 , v 0 , θ 0 ). The proof is lengthy but standard, and thus it is omitted here. Now, we prove the global existence of strong solutions. Let T * > 0 be the maximal existence time of the unique strong solution (u, v, θ) to system (3.1)-(3.4), with initial data (u 0 , v 0 , θ 0 ). We need to show that T * = ∞. Suppose, by contradiction, that T * < ∞. Applying the operator ∇ to (3.1), (3.3) and (3.4), and taking the L 2 (R 2 ) inner product to the resultants with −∇∆u, −∇∆v and −∇∆θ, respectively, then it follows from integration by parts and the Cauchy-Schwarz inequality that 1 2
for all t ∈ (0, T * ). By the Hölder, Ladyzhenskaya and Young inequalities, the quantity I can be estimated as follows
, from which, by the Gronwall inequality, and using the basic energy identity for the solutions to system (3.1)-(3.4), i.e. Proposition 3.2, with T = T * , one arrives at
, for every t ∈ (0, T * ). Thanks to the above estimate and using Proposition 3.2, with T = T * , it follows from the elliptic estimates that
for some positive constant C ε depending only on ε and the initial norm (u 0 , v 0 , θ 0 ) H 2 . As a result, one can extend the strong solution (u, v, θ) beyond the time T * , which contradicts to the definition of T * . This contradiction implies that T * = ∞, and consequently, we obtain a global strong solution. This completes the proof.
We will establish several uniform in ε estimates on the unique strong solution (u, v, θ) to system (3.1)-(3.4), with initial data
type estimate has been included in Proposition 3.2 (which by the above proof is now valid for T = ∞), let us continue with the H 1 type estimates. As explained in the introduction, due to the absence of the diffusivity term in the temperature equation, one can not establish the H 1 estimates on (u, v, θ) in the standard way, in other words, one can not obtain the desired estimates by just tying to multiply the equations by (−∆u, −∆v, −∆θ). To obtain the desired H 1 estimate, we introduce some auxiliary functions. Let's define the function
in other words, Φ i is the unique solution to
Applying the operator ∇(−∆) −1 to equation (3.4) yields
where F = (F 1 , F 2 ) is given by
Recalling that div u = 0, one may calculate
is the Riesz transform, and [R i R j , u j ] is the commutator operator defined by
Recalling the definition of Φ, i.e. (3.5), one can rewrite equation (3.3) as
Multiplying equation (3.6) by
, assuming ε ∈ (0, 1), summing the resultant with the above equation, and introducing a new velocity w, which is called pseudo baroclinic velocity, as
then w satisfies
where F is the function defined by (3.7)-(3.8). It turns out that the H 1 estimate for θ depends on that for (u, w). Thus, we work on the H 1 estimate for (u, w) first, and one has the following proposition. 
) and w be the function defined by (3.9). Then, we have the following estimate, for all t ∈ [0, ∞),
where S 1 (t) is an explicit nondecreasing continuous function on [0, ∞), which depends only on the initial norm (u 0 , v 0 ) H 1 + θ 0 2 + θ 0 4 , in a continuous manner, and is independent of ε.
Proof. Define the functions f 1 and f 2 as
where F is the function given by (3.7)-(3.8). With the notations f i , i = 1, 2, one can rewrite equations (3.1) and (3.10) as
By the elliptic estimates and the commutator estimates (Lemma 2.1), one has
here, we have used the fact that [u] BM O(R 2 ) ≤ C ∇u 2 (see, e.g., section 5.8 of [13] ). Thanks to these estimates, by the Hölder, Ladyzhenskaya and Cauchy-Schwarz inequalities, we have
Recalling the definitions of Φ and w, i.e. (3.5) and (3.9), by the elliptic estimates and the Ladyzhenskaya inequality, one has
Using (3.14), it follows from the Hölder, Ladyzhenskaya and Cauchy inequalities that
Taking the L 2 inner products to equations (3.11) and (3.12) with ∂ t u−∆u and ∂ t w− ∆w, respectively, and summing the resultants up, then it follows from integration by parts and the Cauchy-Schwarz inequality that 
where, in the last step, the Young inequality has been used. Adding the above inequality with (3.16) up, and using the Ladyzhenskaya inequality, one obtains
, from which, integrating in t and using Proposition 3.2, the conclusion follows. Now, we can work on the H 1 estimate on θ. As shown in the following proposition, a t-weight higher order estimates on (v, w) are also involved. 
where S 2 (t) is an explicit nondecreasing continuous function on [0, ∞), depending only on the initial norm (u 0 , v 0 , θ 0 ) H 1 , in a continuous manner, and is independent of ε.
Proof. Applying the operator ∇ to equation (3.1), multiplying the resultant by −∇∆u, and integrating over R 2 , then it follows from integration by parts, the Hölder and Cauchy-Schwarz inequalities that
By the elliptic estimate and the commutator estimate (Lemma 2.1), one has
Applying the operator ∇ to equation (3.10) , multiplying the resultant by −∇∆w, and integrating over R 2 , then it follows from integration by parts, (3.18) and the Hölder and Young inequalities that 1 2 Taking the L 2 (R 2 ) inner product to equation (3.4) with −∆θ, then it follows from integration by parts and the Young inequality that 1 2
The above inequality implies
which, combined with (3.19), yields Recalling the definitions of Φ and w, i.e. (3.5) and (3.9), one has 21) and furthermore, by the elliptic estimates, we have
Thanks to (3.21) and (3.22) , and denoting 2 ). We need to evaluate the coefficients in front of A(t) in (3.23) , so that one can apply the logarithmic type Gronwall inequality (Lemma 2.2) to obtain the conclusion. First, by the Gagliardo-Nirenberg and Ladyzhenskaya inequalities, (3.22) and the Young inequality, one can deduce
Next, noticing that log(e + ∇u
2 ) + log B(t), by the two-dimensional Brézis-Gallouate-Wainger inequality of the form (see [1, 2] ) Thanks to the estimates (3.24) and (3.25), it follows from (3.23) and the Young inequality that
, where the function m is given by
. By Propositions 3.2-3.3, one can easily check that (t + 1)m(t) + (t + 1) 2 (1 + ∇u 2 H 1 ) and g(t) are integrable in t; moreover, for any positive time T , the L 1 ((0, T )) norm of each of them depends only on T and the initial norm (u 0 , v 0 , θ 0 ) H 1 . Therefore, by the logarithmic Gronwall inequality (Lemma 2.2), the conclusion follows.
As a corollary of Propositions 3.3-3.4, we can achieve the Lipschitz estimate on u, that is, the following: Corollary 3.1. Let (u, v, θ) be the unique global strong solution to system (3.1)-(3.4), for ε ∈ (0,
2 (t), for an absolute positive constant C, independent of ε, where S 1 (t) and S 2 (t) are the same functions as those in Proposition 3.3 and Proposition 3.4, respectively.
Proof. By the aid of the Gagliardo-Nirenberg and Hölder inequalities, it follows from Propositions 3. 3 2 (t), proving the conclusion.
We will prove the L ∞ estimate on θ. To this end, we first introduce another auxiliary function
We would like to point out that φ looks like the effective viscous flux for the compressible Navier-Stokes equations. Applying the operator div to equation (3.3) yields
Multiplying equation (3.4) by
, and subtracting the resultant from the above equation, one obtains the following equation for φ
We state and prove the required estimates on φ in the following proposition.
Proposition 3.5. Let (u, v, θ) be the unique global strong solution to system (3.1)-(3.4), with initial data
) and φ be given by (3.26) . Then, we have the following estimate, for all t ∈ [0, ∞),
where S 3 (t) is an explicit nondecreasing continuous function on [0, ∞), which depends only on the initial norm (u 0 , v 0 , θ 0 ) H 1 , in a continuous manner, and is independent of ε.
Proof. Taking the L 2 (R 2 ) product to equation (3.27) with −∆φ, then it follows from the Hölder, Ladyzhenskaya and Young inequalities that 1 2 2 ). (3.28) Recalling the definitions of Φ, w and φ, i.e., (3.5), (3.9) and (3.26), it follows from the elliptic estimate that
and 
2 ) =: S 3 (t), proving the conclusion.
We can now get the L ∞ bound of θ.
Proposition 3.6 (L ∞ of the temperature). Let (u, v, θ) be the unique strong solution to system (3.1)-(3.4), ε ∈ (0,
. Then, we have the following estimate, for all t ∈ [0, ∞),
where S 4 (t) is a explicit nondecreasing continuous function on [0, ∞), which depends only on the initial norm (u 0 , v 0 , θ 0 ) H 1 + θ 0 ∞ , in the continuous manner, and is independent of ε.
Proof. Note that equation (3.4) can be rewritten as
Introducing Θ = e t 1−ε θ, then it satisfies
Define another function Λ as
then one obtains
Multiplying the above equation by Λ + = max{Λ, 0}, integrating the resultant over R 2 , then it follows from integration by parts that Similarly, by considering −θ, the same argument as above yields
Combining the above two inequalities and using Proposition 3.5, we obtain the conclusion.
On account of Propositions 3.2-3.6 and Corollary 3.1, we can get the a priori estimates stated in the following corollary. 
where S is an explicit nondecreasing continuous function on [0, ∞), depending only on the initial norm (u 0 , v 0 , θ 0 ) H 1 + θ 0 ∞ , in the continuous manner, and is independent of ε.
Proof. Recalling the definitions of Φ and w, i.e. (3.5) and (3.9), it follows from the elliptic estimates that
Using (3.3), it follows from the Hölder, Ladyzhenskaya and Young inequality that 
(3.31) By equation (3.4) , and using the Gagliardo-Nirenberg inequality, one has 
Combining (3.31) with (3.32), by Propositions 3.2-3.6 and Corollary 3.1, the conclusion follows.
With the a priori estimate, i.e. Corollary 3.2, we can now give the proof of global existence of strong solutions to system (1.1)-(1.4), with H 1 initial data as follows.
Proof of the global existence part of Theorem 1.1. Choose a sequence of initial data (u 0ε , v 0ε , θ 0ε ) ∈ H 2 (R 2 ), with div u 0ε = 0, such that (u 0ε , v 0ε , θ 0ε ) → (u 0 , v 0 , θ 0 ), in H 1 (R 2 ), as ε → 0, θ 0ε ∞ ≤ θ 0 ∞ and (u 0ε , v 0ε , θ 0ε ) H 1 ≤ (u 0 , v 0 , θ 0 ) H 1 .
By Proposition 3.1 and Corollary 3.2, for each ε ∈ (0, 1 2 ), there is a unique global strong solution (u ε , v ε , θ ε ) to system (3.1)-(3.4), with initial data (u 0ε , v 0ε , θ 0ε ), satisfying
for a positive constant S depending only on T and (u 0 , v 0 , θ 0 ) H 1 + θ 0 ∞ , in a continuous manner, and is independent of ε. Thanks to the above estimates, there is a subsequence depending on T , still denoted by (u ε , v ε , θ ε ), and (u, v, θ), such that 
Uniqueness of solutions
In this section, we give the proof of the uniqueness of strong solutions. Here we adopt an idea that was introduce in [20] and [22] .
Proof of the uniqueness part of Theorem 1.1. Let (u i , v i , θ i ), i = 1, 2, be two strong solutions to system (1.1)-(1.4), with the same initial data (u 0 , v 0 , θ 0 ). Denote Recalling that
we have
Applying the operator (I − ∆) 
